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2 Joooooboogd

O000000000000000000000, Sage 0000000000000
0.000000000000000. 000 Mip(To(1)) = Mi2(SLy(Z)) O

> m = ModularForms(GammaO(1),12)

>mnm

Modular Forms space of dimension 2 for Modular Subgroup
SL(2,Z) of weight 12 over Rational Field

O00.000 T'g(N) OODO OO0 DO congruence subgroupd

mm:{(i Z)ESLQ(Z) | (Z Z>z<; :) (modN)}

1
gbooooooobooobooooo ( 0 : ) 00000o Iy(N)OOoOOoOODO.oooooo

goooooboobboooboo,booboon
ModularForms (group=1, weight=2, base_ring=None, use_cache=True, prec=6)
gbbogobooboobbooboob.ba,bbudbt ¢-oboobbogoo.

> m.basis()

[
q - 24%q"2 + 252%q~3 - 1472%q"4 + 4830%q"5 + 0(q"6),
1 + 65520/691xq + 134250480/691xq"2 + 11606736960/691%q"3 +
274945048560/691%q"4 + 3199218815520/691%q"5 + 0(q"6)

]

ugbooboboobooboobobg.

> f =m.basis()[1]; f

1 + 65520/691%q + 134250480/691%q~2 + 11606736960/691%q~3 +
274945048560/691%q~4 + 3199218815520/691*q~5 + 0(q~6)

> f.coefficients([1,3,4])

[65520/691, 11606736960/691, 274945048560/691]

Sequence 10000 Magma UO0DOUOODOO, 0000000 o00000DOODO
ggoodoo. oo nObobobobobbbbbbbbbbn—-100000000OOOO
goooooooo.

0000000 M2(SLa(Z)) O cuspidal subspace S12(SL2(Z)) DOO0O0OO0. 0000
0000 Sage OO

> s = CuspForms(GammaO(1),12)

> s

Cuspidal subspace of dimension 1 of Modular Forms space of dimension 2
for Modular Group SL(2,Z) of weight 12 over Rational Field



OobOoooOobO. DoobOoboooo0booobooboobOoDOoboOon, Sage 0O
OO0DO0O0O0O000C0O0,00000000000 dimension formula D00O00O0 bound
method 00 0000000000000

> mb00 = ModularForms(Gammal (500),500)
> m500.dimension()
3742950

oooobooobob,bob0oboboobooboobobobobooooobobOobon
OO0.0000000C00DOO00b0O00DOOO0bOO00DOOobOOOODOOn Sage O
ooooooooo.

000 Hecke D0OO0OO0OO0ODOO. 0000 My(Ty(41))OODO, T, 00000000.

> m41 = ModularForms(GammaO(41),2); m41l

Modular Forms space of dimension 4 for Congruence Subgroup GammaO(41)
of weight 2 over Rational Field

> T2 = m41l.hecke_operator(2); T2

Hecke operator T_2 on Modular Forms space of dimension 4

for Congruence Subgroup GammaO(41) of weight 2 over Rational Field
> ch2 = T2.charpoly(var=’x’); ch2

x"4 - 2%x"3 - 8%x72 + 14*x + 3

> T2.matrix()

0 3 -2 0]

1 -2 0 0]

0-2 1 0]

0 0 0 3]

factor(ch2)

(x - 3) *x (x"3 +x72 - bxx - 1)

V m /@ /@

gbooobobooboobboon.

> G = (DirichletGroup(13).0)"2

> G.order()

6

> M = ModularForms(G,2); M

Modular Forms space of dimension 3, character [zeta6] and weight 2
over Cyclotomic Field of order 6 and degree 2

> f = M.T(2).charpoly(’x’); £

x"3 + (-2*zetab - 2)*x"2 - 2%zetab*x + 14*zetab - 7

> f.factor()

(x - 2%zetab - 1) * (x - zeta6 - 2) * (x + zetab + 1)

'000 [14] Chapter 6 00O



0000000000000 00000000. 000 S(ITy4s) 00000,

> Newforms(45,2)
[ +9°2-q74 - g5+ 0(q76)]

dim (53w (T(45))) =1 000000 dim(S94(Ty(45))) =200000000. 00000
00000.00 M |45 M#1,450000 M =3,59,15000,0000 Sy(M) #0
000000 M=150000000000000000000000000000. 00
ooooooo

[

q-9°2-93-94+q5+q6+3xq°8+q9+ 0(q°10)
]
O fis0000,000000000

Qg : SQ<15) — 52(45)
O f(q) € S2(15) O f(q%) € S2(45) 000 degeneracy map 00O OO OO0
591(45) = Im(a;) U Tm(az)

O00000000,00000200000000000. 0000 S;(45) 0000 ¢-0O
googn

[
q-q°4 -g°10 - 2%q"13 - q~16 + 4xq~19 + 0(q"20),
q"2 - q°5 - 3%q"8 + 4%q~11 - 2%q~17 + 0(q"20),
Q"3 - 976 -9°9 - q-12 + q°15 + q~18 + 0(q~20)
]
O000,0000000 as(fis) 000O00O0O.
000000000 D0O0 SageOOOOQODOOODOOODOO,0000

> Newform(’45a’, names=’a’)
q+q°2-9°4-q95+0(q6)
ooooooooo.

oo

goboboooboooboooooooboooobooobo.0obboob 1nooboo FO0OOL,O
00000000000 Sy(Tw(11)) DDooooooopouoooooooo.

> E = EllipticCurve([0,-1,1,-10,-20]); E

Elliptic Curve defined by y™2 + y = x”3 - x72 - 10*x - 20 over Rational Field
> E.conductor()

11

> f1 = E.modular_form(); f1

q - 2%q"2 - q°3 + 2%q”4 + q°5 + 0(q”6)

> s11 = CuspForms(Gamma0O(11),2)

> f2 = s11.basis()[0]; f2

q - 2%q"2 - q"3 + 2%q”4 + q°5 + 0(q”6)



00000000000000000000 Stwm OO0 (1600000, So(T(11)) O
Sturm bound 0 200000,0000 £10 f20000000000000.

0o

000, modular symbol 000 0000000000000000. 0000000
000000000000 NDOOOOOOOOOO compact Riemann O Xo(N) 0000
0, modular symbol 0000000000 Xo(N)OO path 0000000000000
00000.00000000000000000000000000000000000.

Figure. Compact Riemann O X(39).

D00000D00. Xo(39) 0 100000000 Hy(X0(39),Z) 0 Z¥ 000000,
0000000000000 30 compact Riemann 00000, 000 S2(Ig(39)) O
modular symbol 0000000 6000,10000000 200 pathO00002, 000
030000000000 0DO0O0O00.00Db00DO, 000 modular symbol OO0
gbogedonog.

> MS = ModularSymbols(39,2,base_ring=QQ) .cuspidal_subspace(); MS
Modular Symbols subspace of dimension 6 of Modular Symbols

space of dimension 9 for Gamma_0(39) of weight 2 with sign

0 over Rational Field

> MS.basis()

((3,4) - (13,2) + (13,3), (3,11) - (13,2) + (13,3),

(3,19) - (13,2) + (13,3), (3,22) - (13,2) + (13,3),

(3,26) - (13,2) + (13,3), (13,1) - (13,2))

00 modular symbol 0000 Hecke OO0OOO0ODOOODOOOODOOO.

> MS.T(2) .matrix()
[0 1 -1 -11 -1]

[1-1-2 11-1]
[0o 0-1 01 -1]
[-1 1 -1 01 -1]
[0 0O 0 01 O]
[0o 0-2 01 -1]

000000000000,00 200 pathO0D0O0000000Omeridian000000000000O0
longitudeD 0O 0OOD0O0OODO.



> ch2 = M.T(2).charpoly(’x’); ch2

Xx"6 + 2%x"5 - b*x74 - 4%x”3 + 11%x"2 - 6%x + 1
> ch2.factor()

(x - 1)72 % (x72 + 2xx - 1)72

U0 modular symbol 0D UODOUODOOOOODOOOODLO,0D0Db0OO0O0O0ODOODODOD
gboogag.

> 839 = CuspForms(39,2)

> 839.T(2) .matrix ()

[ 02 -1]

[ 1-21]

[ 0-11]

> ch2h = S39.T(2).charpoly(’x’); ch2h
X"3 + x72 - 3%x + 1

> ch2h.factor()

(x - 1) *x (x72 + 2%x - 1)

OO0 modular symbol OO0 DO OO0, 00000 ¢-OOO0D0OODOCOOO.

> MS.decomposition()

L

Modular Symbols subspace of dimension 2 of Modular Symbols
space of dimension 9 for Gamma_0(39) of weight 2 with sign
0 over Rational Field,

Modular Symbols subspace of dimension 4 of Modular Symbols
space of dimension 9 for Gamma_0(39) of weight 2 with sign
0 over Rational Field

]

> MS4 = MS.decomposition() [1]

> MS4.q_eigenform(10,’a’)

g + axq™2 + q°3 + (-2%a - 1)*q"4 + (-2*a - 2)*q"5 + axq”6
+ (2%a + 2)*q"7 + (a - 2)*%q"8 + q"9 + 0(q~10)

modular symbol 00 000000000000 DO0OOODO [4)0000000.000
OO00D0O0000 modular symbol 0OODOOOOOOODOOODOOO.



3 UJUOU0bO0OOd SerreJ000O0OO0OODOO

000 GaleisODOOOOOO mod! Galois 00 O00000O0ODOD.(000OOOO.

OO0 3.1. p0QOO 200 mod! Galois DODOOOODO,O0000DO
p: GQ%GLQ(F[)

D00000. 00 Gg =Gal(Q/QIQOD0DO Galois 01000, Gg OO Krull topology
0, GLo(F;) OO discrete topology 0000000 .

00,00000000000000000 (N,ke) 0000000000, GaloisO0O
00000000 (N(p),k(p),e(p))00000000000. 0000000000000
0000,00000000000000.000000000000000, Serre 000
0 [12l0000000.

00 3.2. VO 200 F-00000000, L/Q 0000 Galois 00000, p -
Gal(L/Q) — GL(V) D0D0 N(p) O

Nip) =[]
p#l
O00000. 000 n(p,p) 0
1
n(p,p) =Y ey dim(V/Vi)
= (Go: Gy)

O00000.00Gy>G1D---DG;D---0000 Galois OO L/QO Galois O
Gal(L/Q)DDDDDDDDD,ViD VioOGg-0ooooooaoa.

ooooooooo, pdbbO0dd po/0DbO0O0ODOOOO0OOOODOODOODODOOO.
OO p0/00D00CO00CO0DOOODOOOOOO0OSerre weightJOOOOOOODO.

mod [ Galois 00 pO det p(c) =—-1000000, p0000dd0000O0OOOODO
cubogoo.ad pgnon

ap = Tr (p(Frob,))

O0000. 000 Frob, O Frobenius UOOpOO0O0O0O00O0O.

oo

0000 Secre 000000 O0ODOODOOODOO.ODO0DOOOOODOODODOODOODOO
00 00 Khare-Wintenberger 00 D 0000000 0OO0OO,0000000000O00DO0O
ooooog.

OO0 3.3. 000000000 200 mod ! Galois OO

p: Gal(Q/Q) — GLa(F;)



0000 (N(p),k(p),e(p)) 00000000000000. 00000000

F=Ybaa" (4= ¢N) € Sy (T,e(p))

n>1
00000000 TIro000 N(p)OODOOOOOOO ptlN(p)DOOODOOODODOO

ap = b, | , det (p(Frob,)) = e(p)p*~1 (mod 1).

00000 19870000000 “refined version” O O “precise form” O 0O O . Serre O
000000000 000000 Secred00000O0DOOOODOOO,ODO000DO0OODO
0000000000000 00O0000D000 “weak version” 00O “vague form” 000
O0000. 000 refinedversion 0000, 0000000000000000O00O0OCOODO
O00000000,0000 Sercre000000O0O00OODO. OODO Khare-Wintenberger
00000000000 DO0DO0ODOO0DOO0ODOODO0D0OO0. 0O0,0000000 Serre 00O
00000 Edixhoven 5] D00000,00000000000O0OOOOOO0OODOO
O000. 00 Edixhoven OO Serre OO OOOOOOODOOOODOOO.

Serre 0000000, 00000000D00D00000O0ODOODOODODOODOOO
O00.000000 17100 Serre 0000000000 O0OOOOOOOOOOODOO
O000,00000000000000000000,000000000A0.

oo

0000000000.000000000000000000000. f(z) =23—2+1 €
Q#]00,K/Q0 fO00U000O0ODDOOODODODODODOO. D000 Gal(K/Q)~ S30
oooo.

> L.<v> = NumberField(x~3-x+1)
> L.galois_group(names="y’)
Galois group of Galois closure in y of Number Field in v

with defining polynomial x°3 - x + 1

00000000000, Pari000O0ODODOODODO S3000000000. SageOOOO
goooooooooooog,bobobooooboooon.

> Gal = L.galois_group(type=’pari’); Gal
Galois group PARI group [6, -1, 2, "S3"] of degree 3 of
the Number Field in v with defining polynomial x°3 - x + 1

0000000 p: S3— GLy(Fe3) 0003, 00000 7: Gg— Gal(K/Q) 0O0DOD
O Galois OO
J GQ—)G&I(K/@)ZS;;—)GLQ(]F%)

O0000. 00 GaloisOO pO0O000O0O, Tr(p(Froby,)) OO0 f O modp 00000
000000000000 0DoD0oDO,0000000000000. 00 fd mod p O
ooooodoooooo,000 F,00000000000o0o0o0o000d.

0000 (12) €S0 (

= o

1 0 -1
O>D7(123)653D (1 _1)EI[IEI.

9



g

oooo ord(Frob,) | Tr(p(Froby))
300100400 1 2
100020000 2 0
un 3 -1
ggd

00,00 GaleisDODODUODOODODOODOO Ramanujan 0000

A=q]a=g¢9)*=> 1)

n=1

0000000 12000000 1000000000.0002000000000000
0000 S1p(To(1)) = S12(SLe(Z)) 0000000, 00000000000

q - 24%q"2 + 252%q"3 - 1472%q"4 + 4830%q"5 - 6048%q"6 - 16744%q"7 + 84480%q"8 -
113643%q~9 - 115920%q~10 + 534612%q~11 - 370944%q~12 - 577738%q~13 +
401856%q~14 + 1217160%q"15 + 987136%q 16 - 6905934%q~17 + 2727432%q"18 +
10661420%q~19 - 7109760%q 20 - 4219488%q~21 - 12830688%q 22 + 18643272%q"23
+ 21288960%q"24 - 25499225%q~25 + 13865712%q 26 - 73279080%q 27 +
24647168%q"28 + 128406630%q"29 - 29211840%q 30 - 52843168%q~31 -
196706304%q 32 + 134722224%q"33 + 165742416%q 34 - 80873520%q~35 +
167282496%q"36 - 182213314%q~37 - 255874080%q~38 - 145589976%q 39 +
408038400%q~40 + 0(q"41)

OoobDo0.0bo0o0dd mod23000

q9q-9°2-9g3+Qq6+98-q9°13-q9716 +q°23 -q°24 + q"25 +
qQ°26 + q°27 - q°29 - q°31 + 939 + 0(q~41)

goo.0ob0gobO,0000000o0o0ooooooooooooooooon.

0o
lp| 2] 3 [5]7]m]13]17[19]23]29]31]37] |
1] =1]JoJolol=t]ofo] *[=1]=1]0
Al-t]l=1]olo]o]-1lo]o|@|-t]=1]0

RN
000000000000000. 00 QOO0000 semi-stable00000000O0O,
0000000 GaleisOOOOOOO.OODOO

E: y2+xy+y:x3+1

000, FO00ODOO0OOminimal discriminant00 Ag O00. 0000, FO0OOOO 2
00 mod ! Galois 00 pg;: Gal(Q/Q) — Aut(E[l]) ~ GLy(F,) 000D O

2 (I | ord;(Ag))

, € =1
I+1 (otherwise) (pe1)

N(pg,y) = H p. klpei) = {

p#lllord, (AR)

‘{00000000good reductiond 00 000000 O multiplicative reduction0 00 000000.

10



O000000cf. [12], Prop.b0. 00O O0O0O0ODOOOOO

> E := EllipticCurve([1,0,1,0,1]); E

Elliptic Curve defined by y™2 + x*y + y = x"3 + 1 over
Rational Field

> D = E.discriminant(); D

-639

> D.factor()

-1 % 372 x 71

000 Ap=-32.710000. 0000 FE0 [ =3000000000 split multiplicative
reductiond, ! =71 00 000 00O OO0 non-split multiplicative reduction00 00 . O E[3]
00 Galois 00 p3 = pps 00000,000000000 (N(ps),k(ps),e(ps)) = (71,4, 1)
O00D0. 000 Tr(ps(Froby)) O p<5000000000000000 EFOOOOOO
gbooo.obdp=31000000b000,b00DLO00DDOODOODDO.

> E = ElliptiCCurve(GF(Bl),[1,0,1,0,1])
> E.trace_of_frobenius()
-10

00,000 (71,4,)000000000000000000000000,000 S7¢*(Ie(71))
Ooooobo.0020000000000000,0p000DO000O0 mod3 00O
ooooooooog.

0o
pl2] 3 5 [ 73 ]1r] 19 | 23 [ 29| 31| 37 | ]
pl1l @] 2 T2]ol=2]0] o | o [-2[-10] -6
flil@ -6 =1]24] 7 [72] —153] —213] 232 | 149 | —204
00
{ Omod 30!
0o

pl2] 35 [ 71317 19]23]29] 31 |37] |

pl1lml=1t]=1]Jo[1JoJo]ol1]=-1]0

flifml=1]=1lol1]olo]o]1]=1]0
0o

11



4 Sage ToDo

OO0D0O00O00 SageODO0OOOOODOOODOOOODOODOO.OOODOO30ODOO
ooo0,b0b0b0ob0olb MagmaOQOQoGooo.

41 00000DO Serre JOODOOOOODOODO

00000000,2000000KH0O000PHQ)00000 H*=HUPY(Q)DODODO
0o0bOo0odooooooD. boooboOoOo,3s0b0bboooboboooboooooooa
O000000,00000000 BianchiDOOODOOOOOODOOODOOOD.
00,30000000 hyperbolic 3-spaceld

Hy=CxRT ={(2,7) eCxR | r>0}={(z,y,7) €R® | r>0}
OO00D0O0O0D0COO00 hyperbolic metricO OO O .

_da® + dy? + dr?

2
ds 2
000 HsOO SL,(C)000oooooon.
a b (az + b)(cz + d) + acr? r
g (c d>€s 2(0), glzm) ( ez + d2 + |22 Jez + d? + [c]2r

D0D000000PHC)=Cu{ec}0D00,H;=H;UP(C)DDOOODDOOODODODO
Oooos.

00,000000000000 modular 00000000000, 000 K =Q(v—d)
0000 Ok 000000000 PSLy(C)DO000 PSLe(Ox) OOODOOODOOODOO
0.0000 Bianchi 0000. 0000, PSLy(O)000000000O0O0O.

00 4.1. 70 O 00000000.T 0O PSLy(Og) 00O OODODOOOOOOO

o={( ) (22)=(01) el

O00ob0obOoDb. 0b0ob0o ' D00 Z0hUODUO0O00 congruence subgroup O O
ooob.0boo0z20000000.

wo-{(22) (2 2)-(: 1))
cna=f(0n) ()= (b ) et}

S00000000000000,00 modular 0000000000000 00D0O000O0DOOOO.
00 HODOOOOOODOODOHamilton’s quaterniond 00, 0000 R-000 {1,4,5,k} 0000, 00
h: Hs —HO h((z,r)) =p=2+rj 00000000000, H%0HOO0DO00D0000000O00.
000000 p000 ¢g0000000 g(p)=(ap+b)/(cp+d) 00000, 000 —I € SLe(C) O Hz O
00000000000, PSLy(C)0 3 000000000000000000000.

12



00000000 coefficient moduleD0 000 O00. RO 100000000, Ex(R) O k
ob0200 R-OODDOODOOOODOOLOODLOOOLO.ODO0OOD0O ROODO

{X’f—iyi | 0<i< k;}

O000000. 000 Steinberg 000 [15)0000,COO SLy(K)0O00O0O0O0O0OO
gbooooboooboooooboo.

Ekhkz ((C) = Ek, ((C) & Ekz ((C)

0002000 overline 00000000. 00,!0 Ox 000000000001 =AX
000000000000, 000 [15] O Brauer-Nesbitt 000 [1] 0000, F, 00
SLy(Ok/(1))0000000000000000000OO0O0OO0.

Epy ky (F1) = Ey, (F1) ® Ep, (Fy)

000 2000 overline 0 mod A reduction 000,000 SLx(O/(\) 00000000
ooooooo.

0o

0000 Bianchi 000000 O00O0.

00 4.2, fO0000Z, 00 (k1,k2) 0 Bianchi 00 O 00 Bianchi modular form O
0000, 0100000000 HY(O(Z), By i(C)00000000000000
goooo.

U000 mod ! Bianchi OO OOOOOODO.

00 4.3. f00007Z,00 (ki,k2) 0 mod [ Bianchi 000000000, f0 10
0000000 HYT(Z), By,a,(F) 0000000000000000000.

00,0000000000 cuspidal part 0 Bianchi O 0 0O O 0O Bianchi cuspformd O
00d.

o0

00000000 K =Q(W—d) OO Serre 00000000000 ODO. OODO
PSLy(Ox) 00000 Sle(Og) DODOOODODOO,0000000000A0.

e R:100ODODDO.

a:<7(; ?),DDDWD O 000.

I C SLy(Ok): 00D0DOO.

I'n=TnNna 'Ta,0T*=TNala""'.

V. QO R[MatQ(OK)det?go]—D 0.

13



O00,000000 H™I,V)DODO Hecke UODODO,00000T,, 0000000
gboooooboooaoo.

H™(D, V) Zestiction prm(p vy —& gm(re,y) st gmp v
000000000 a0,00000 ce H™(T,,V)OOOO
c— (g~ cla tga)det(a)at)
O0000D0. 0000 explicit 000000000

(Txe)(g) = Y elvyihgridet(vi)y;
1<i<m
00O0.000 0
Tol'= | | »T

1<i<m

0000,000 j(6)0000g,vel0000000000.
0
00,000000 00000 5:(3 )DDDDDDDDD Hecke 0000 S,
™

goo.

00 44. FOOO/O0O0ODDOO0ID000O0DOO. fe HY(I'(Z),E(F) 00000
OeigenformO0 00000, 000 »n>1000000 ¢, eCOODOODO

Tn(f) = Cnf

gooooobooob.

00 4.5. 00000 mod ! Galois U0 p: Gg — GL2(F) O mod ! Bianchi 0000
0000.00,00 f€ Hh,,(I(2),E(F) 0000,,0000000000 AZO
ooooooooo.

| Tt (p(Froby)) = a,

, det (p(Froby)) = byN()) .

000 a), 0 O0OOOO Ty, S, 0000

Thf=axf, Syf=0b\f

000,NANDOQOOADDOOOODD. 00 Gk =Gal(Q/K)DDO0O.

OO 4.6. 00000D00O,0D00000000000 “weak version” OOODO. OOOO
OO0 “refined version” 000000000 ODOODOOOOOCODOOO,0000000
gooobooobooboboooob,0obooooboboboboobooooobOobob
O000000,00020000000 (k,)DOOOOO, Galois 00O0O Serre weight O
gbooobooboobooobOo.gbooboo0oboubOod “intermediate version”
goooooooogooooooon.

14



o0

0000D0000000. Bianchi DOOOOOO0OOO0DOODOO Grunewald O Sengiin
0000000000000 0o0O,0b000D00bO00D000g, MagmaOOOOOO
2l6000000000D00D00ODO0O 218000000000 OODOOODOO,O0D0O0
O0000000. 0000000000000 00,0000000000000000
O0000000.000000000000000D0000DO00000000O Hecke O
Oo00oooooooooooog.

oo

000 Bianchi 0000 H(}usp(Fg(O_14),E2((C)) 00000. Magma 0000000

0000000 200000000000,000000 K=QW—-dOOOODOOODO
ooobooOoz0o20000.00 0¢zO0KODOOOOOO.

> P<x> := PolynomialRing(Rationals());

> K := NumberField(x"~2+14);

> 0K := Integers(K);
> level := 1x%0K;

> M := BianchiCuspForms(K, level);

> M;

Cuspidal space of Bianchi modular forms over Number Field
with defining polynomial x"2 + 14 over the Rational Field
Level = Ideal of norm 1 generated by ( [1, 0] )

Weight = 2

> time Dimension(M);

0

Time: 4.980

00 Verbose Output 00D OO00ODOOOOODOODO, BianchiCuspForms DO O OOODO
odo0d0ododoooooooooooooooon.

> SetVerbose("Bianchi",2);

Found perfect form.

Finding 3-dimensional cells.
Found 9 3-dimensional cells.

Finding 2-dimensional cells.
Found 23 2-dimensional cells.

Finding 1-dimensional cells.

Found 14 1-dimensional cells.

Magma OO0 0O0OO0ODO0O perfect form 0 Voronoi OO OOOOOOOOODOOODOOO
0000 Bianchi OODOOOO0OOOO0ODOO.000200000000000 modular
symbol 0000000000000 OOOOO,A. Ash0 P.Gunnells 00000000
0000000000000 Hecke action 000 0000000000OO.

oo

00000000 p|(3) 000,000 Z=p?000 Bianchi 0000000000, O
oo0oooooooooo.
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> level := (Factorization(3+*0K)[1][1])"2;
> Norm(level);

9

> time M9 := BianchiCuspForms(K, level);
Time: 7.300

> M9;

Cuspidal space of Bianchi modular forms over Number Field
with defining polynomial z"2 + 14 over the Rational Field
Level = Ideal of norm 9 generated by ( [9, 0], [5, 2] )
Weight = 2

> Dimension(M9) ;

1

00000000 q[(23)000,0000 MO Hecke OOO 7, 00000000000
goo.

> Q:=Factorization(23*0K); Q;
L
<Prime Ideal of OK
Two element generators:
[23, 0]
[3, 11, 1>,
<Prime Ideal of OK
Two element generators:
[23, 0]
[20, 11, 1>
]
> HeckeOperator (M9, Q[1,11);
(8]

gO0O0000000 ¢|(23)y 000000000,

> Ql2,1];
Prime Ideal of OK
Two element generators:
[23, 0]
(20, 1]
> HeckeOperator (M9, Q[2,11);
[-8]

00,0000000,Magma 00000000000000000000.00 200
00000 (2,2)0000000000000000 Grunewald-Sengiin 00000000
00000. 0000000000000000000000,000000000000
000000000,00000000000000. 00000000000000, 0
000000000000000000,00000000000000000.0000
0000 K=Q(v=2) 000 T(P) ~ H(T'4(Z), Es3(C)), N(Z) =3, N(P) < 100 OO
0O0o00O00O0o0ooo.
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’ P ‘ eigenvalue
1+v/=2 | —14 6
3+v—2 | —46 —26
3+2v/-2| —574 226
14+3V/-2| 434 134
3+4v/—-2 | —1246 994
5+3v/—-2 | —3502 | —1882
3+£5V/-2| —238 | —5018
7T+£3v/-2| —5134 | 8006
14+6v/—-2| 9506 386
9++—2 | 11186 | —2234
94+2v/—2 | 5474 | —10046
5+6y/—2 | —9982 | 8738

oo
O0000,0000000 T(1+£+/-2)0 Hecke ODODOO

[ -14 0 0 0]
[ 16%xw + 1 6 0 0]
[1/2%(-97*w + 512) 0 6 16]
[ 0 0 0 -14]

gboooooboo,bobboobooobon

[
<$.1 -6, 2>,
<$.1 + 14, 2>
]

Oo00,0000000 (6, —-1400000.00,00wO0000OO0
> K<w> := QuadraticField(-2);

gooooo.

RN

0000000000000 00O000000D A-00000D0O0O0OO (100000,
0000000 GaleisOOOOODOOOOOOODOODOOOODOODOO.COOOO

e GaloisUOUODOOODODO, L0 KOOOUOODLOOUOOOUO e0OODO,000D0
p: Gal(L/K) — GLy(Fpe)
gooooo.
o A5 ~SLy(F,) 0DO.

e 00 GLy(F4) — GLo(F2) DO D ODODO.
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000000, mod 2 Galois O O

0D0000000,000 med2000000000000000000 Bianchi 000
0000000000000,0000000000000.

0o

00,00 [1000000000000000 K=Q(/-1)0000

fl@) ="+ (-1 +2vV=1)a* + (=6 + 2v—1)2* + (-4 — TV/-1)z — 3v/~1 € K[z]

0O KODOOOODO Galois 000 As-Galois 00, N(p) = (2—+/—1)2(2++/-1)300, mod
2 Bianchi 0 OO0

H'(To((2 = V=1)*(2+ V=1)?),F2)
000,00000000 1000 eigenvalue system 0000000, 000 w0 22+
r+1ecFyfz] 00000,

oo
’ P ‘ N(P) ‘ Tr(p(Frobp)) ‘ eigenvalue
3+2¢/—-1| 13 1 1 1
3—-2v/-1 13 w? w? w
44+/—1 17 w w w?
4—+/=1 17 0 0 0
6++v—1 | 37 1 1 1
6—+—1 37 w w w?
54 4y/—1 41 w? w? w
5—4y/—1 41 w w w?
7T+2/—-1| 53 1 1 1
7—-2y/—-1| 53 1 1 1
6+5v/—1| 61 w w | w?
6—5v/—1| 61 w w | w?
8 +3v/—1 73 w? w? w
8 —3v/—1 73 w w w?
8+5y/—1| 89 0 0 0
8 —5v/—1| 89 w? w? | w
9+4y/—1| 97 1 1 1
9—4y/-1 97 w? w? w
go

O0,Bianchi 00000000000 OO0OOO modularsymbol DO DOOOODOONO
0000000000000 00000D000000 generalized modular symbol O 0O O 0.
0000000 Cremona [2) D000, 00000 mosaic 0O O hyperbolic tessellation
00000000000,000 Cremona 000000000,00000000000
oo0oooooooono.

SE. Whitley (1990), J. Bygott (1999), M. Lingham (2005) O 3 0. Whitley O Bygott 0 Exeter O,

Lingham O Nottingham 00 Ph.D.000000O. Whitley 000 1000000, Bygott 0 K = Q(v/-5)
0, Lingham 0 K = Q(v/—23), Q(v—31) 000000000 OO.
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4.2 O0O0OHilbbert OODOOOOOOODO

ooooooobo,00bobobobo0ogoobobobobo0goooDboboUod Hilbert U
ggooooooboooboooboobooooo. gb,oboboobooboboboboo0oooouoooa
ggooobobo,bbob0dddd0dobn. ooobobbobobbobod0oooooo.

o

Hilbert 0O 0 0 00 Hilbert modular formO00 0, 000000000000 n = deg(F/Q)
000000000, 00000Ototally real field0 FOOOOOODOO 2x20000
go,00b00o0oooooooobooboobobobobob.ooboboboobobob
000bOOoD0OO0odoOo0oOoDOOoobOOo,00b0b0odb0 Quoobooooo FO,000O0
PSLy(Z) 00 GL{(0Op) 000DO0DO0DOO.

O0,Hilbert D0 D0OD0O0ODOOOOODO Serre 000000 GaloisOOOOOOODOO
O0000000. 000 Secre000000O00ODOODOODODODODOODODOO, DO
goooopobooooooooooon.

ud

0000000 Hilbert 0OD0DOO0O0OODODOD. ODODODODOOO F:Q(\/ZE)D
OO0, FOO Hilbert DO O0ODODOO.

> P<x> := PolynomialRing(Rationals());
> F := NumberField(x~2-43);
> level := 1xIntegers(F);
> H := HilbertCuspForms(F, level);
> H;
Cuspidal space of Hilbert modular forms over Number Field with defining
polynomial x"2 - 43 over the Ratiomnal Field

Level = Ideal of norm 1 generated by ( [1, 0] )

Weight = [ 2, 2]

goooboboboooobogoobo2b00b0oo0ooobooboboooobobooobo.gboob
ooOoDbO CoOoooooo.

> Dimension(H);
10

0000000 F=Q(v/2)0,0000 Z|(19 cOp, 00000000, 0000000
0000000O00000000.

> F := NumberField(x"2-2);

> OF := RingOfIntegers(F);

> level := Factorization(19*0F) [1][1];
> H19 := HilbertCuspForms(F, level);

> time Dimension(H19) ;

16

Time: 0.820

0000 Hilbert DD DOOOOODO “quaternion order” 0O OO0 OOMO internal OO
O0Odb00. oboooobobouoobobouoobuobooo,Hilbert DOODDODOOD
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gbboobodg.gobo,obbodboooboobboobboobbooboo
O, QuaternionOrder OO O0OO0OOOOO0OO0ODOO,0000000000000000
gboobooboobooboo.bogboobobboboobooboobOooobo
go.

> Q0 := QuaternionOrder (H19); QO;

Order of Quaternion Algebra with base ring F

with coefficient ring Maximal Order of Equation Order with defining
polynomial x"2 - 2 over its ground order

> H19Q := HilbertCuspForms(F, level : QuaternionOrder:=Q0 );

> time Dimension(H19Q);

16

Time: 0.100

00000 1/8200000000000000000ODODO.

g

OO0 Hecke UODOOOOOOODO.DOOOODDOO H19OOO H19QO OO OO Hecke
gboo »>obhoooooo.

> T2 := Factorization(2x*0F) [1][1];
> HeckeOperator (H19, T2);

[0 0O00OO1 01 O0O0OO0OT1TO0O0O0 O 0]
[0OOOOOT1O0T1O0O0OT1O0O0O0 O 0]
[OOOOOOO0OO0OT1 O0 1 0 0 0 3 0]
[0 0O00OOO1 1 0 0 1 0 0 0 0 0 0]
[1 00 0 2 0 0 O0O0OOO0OO0OO0O O 0]
-1 0-1 0-1-1-1-1-1-1-1-1-1-1-1-1]
[o-1-1 0-1-1-1-1-1-1-1-1-1-1-1-1]
[0O1 00 O0OO0OO0O 2 00 OO0 O0 0 0 0]
[0OO 1 0 O0O0O0O0 O OO T2 0 0 0 0]
[-1-1-1 0-1-1-1-1-1-1-1-1 0-1-1-1]
[1 1 1 0 0 0 0 0O OOOO O O 0]
[0 OO OOOOOZ2U000 10 0 0]
[0O OO OO0OOOOOTI1I O0 1 0 2 0 0]
[OOOOOOOOOOOOTI1O0 0 2]
[0 0O1 00 0 O0OOOOOO0OO0OO0O 0O 0]
[0O OO OOOOOOOO0OO0OO0O 1 0 1]

ooobobooooooboboUo.ogobobU0d Hilbert D00 H19OOOOOOOO
0 Qw2 0DODO0DD0O0000 19000000000,000 QUOOOODDOOO0
gbooooboobogb.bg e gnoooon.

> decomp := NewformDecomposition(NewSubspace(H19)); decomp;
[*
New cuspidal space of Hilbert modular forms of dimension 1
over Number Field with defining polynomial x"2 - 2
over the Rational Field
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Level = Ideal of norm 361 generated by ( [19, 0] )
New at Ideal of norm 361 generated by ( [19, 0] )
Weight = [ 2, 2 1,

New cuspidal space of Hilbert modular forms of dimension 1
over Number Field with defining polynomial x72 - 2
over the Rational Field
Level = Ideal of norm 361 generated by ( [19, 0] )

New at Ideal of norm 361 generated by ( [19, 0] )
Weight = [ 2, 2 1],

New cuspidal space of Hilbert modular forms of dimension 6
over Number Field with defining polynomial x"2 - 2
over the Rational Field
Level = Ideal of norm 361 generated by ( [19, 0] )

New at Ideal of norm 361 generated by ( [19, 0] )
Weight = [ 2, 2 1],

New cuspidal space of Hilbert modular forms of dimension 8
over Number Field with defining polynomial x"2 - 2
over the Rational Field
Level = Ideal of norm 361 generated by ( [19, 0] )

New at Ideal of norm 361 generated by ( [19, 0] )
Weight = [ 2, 2]
*]

gboog200b010000b0o004an.

> f := Eigenform(decomp[2]);

> primes := [P : P in PrimesUpTo(50,F) | Is0Odd(Norm(P)) and IsPrime(Norm(P))];
> for P in primes do

> Norm(P), HeckeEigenvalue(f,P);

>

7

7

end for;

-1

-1
17 -3
17 -3
23
23 0
31 -4
31 -4
41 -6
41 -6
47 -3
47 -3

o0,000 19yoooOoooooo0ooooo voQUobooooobooobooDbobooo
gbooobooboobooooo.

fQ := Newforms(CuspForms(19)) [1][1];
for P in primes do

p := Norm(P);

vV V V V

p, Coefficient(fQ, p);
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> end for;

7 -1
7 -1
17 -3
17 -3
23 0
23 0
31 -4
31 -4
41 -6
41 -6
47 -3
47 -3
o0
oo
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